Int. J. Heat Mass Transfer. Vol. 16, pp. 811-818. Pergamon Press 1973, Printed in Great Britain

GROWTH LAW OF A FAST MOVING SPHERICAL
SECOND PHASE AS GOVERNED BY SIMULTANEOUS
HEAT AND MASS TRANSFER LIMITATIONS

W. S. CHANG
Max-Planck Institut fiir Biophysikalische Chemie, Gottingen, West Germany . - .

(Received 20 March 1972)

¢

Abstract—New theoretical treatments of the growth of a fast moving spherical second phase as governed by
simultaneous heat- and mass-transfer limitations are demonstrated. The new method demonstrates that
the solution to these complex coupled cases can be related to the available uncoupled cases. Thus, the heat
or mass transfer limited case is shown to be asymptotic cases of the simultaneous heat and mass transfer

limited cases.

NOMENCLATURE
A(t), function defined in equation (18);
B(t), function defined in equation (19);

B, =c(T,— T,)/L(T,) [dimension-
lessi;

Bfn’ E(Csat(Tw) - Cao)/(cd - csat(Tw))
[dimensionless];

c, mass fraction of solute [dimension-
less];

Cp specific heat of the first phase
[cal/g°K];

D, effective Fick diffusion coefficient for
solute transport in the first phase
[em?/s];

D/Dt, material time derivative defined in
the text;

f(¢, 8), function defined in equation (37b);

G(t), function defined in equation (17);

H(t), function defined in equations (37)
and (38);

L(T,), latent heat of phase transition (<0 for
endothermic; >0 for exothermic),
[cal/g];

Le, =D/a, Lewis number [dimension-
less];

Na, = (p/p,) B}
= (/o) [e (T, — T,)L(T,)]
[dimensionless];
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Nd,

= (p/p,) By,

=(p/p) €l T,) € e, = oT,)]
[dimensionless];

dummy integration variable;
instantaneous radius of the growing
second phase sphere [cm];

= dR/dt [cm/s];

initial radius of the growing second
phase sphere [cm];

radial coordinate reckoned from
center of second phase sphere [cm];
dummy integration variable;

time (reckoned from the commence-
ment of growth process) [s];
temperature [°K];

sphere surface temperature [°K];
translational velocity of the center of
second phase sphere relative to the
surrounding fluid at infinity [cm/s];
radially spherically symmetric con-
vective velocity field induced by mass
transfer process itself [cm/s];

radial velocity component field in-
duced by the translatory motion of
the second phase sphere [cm/s];
tangential velocity component field
induced by the translatory motion of



the second phase sphere {cm/s];

¥, distance from the interface [cm].
Greek symbols
o Tl N dhasmean] A it o $han
o, = 4(p( ), thermai difiusivity of ine
first phase [cm?/s];

p, density of the first phase [g/cm?];

Py density of the second phase [g/cm?];
2, effective thermal conductivity of the

first phase [cal/sm°K];
0, angle [rad];

T, dummy integration variable;
£, dummy integration variable;
y(t), function defined in equation (38) or
(44).
Subscripts
d, pertaining to the second phase;
h, pertaining to the heat-transfer process;
m, pertaining to the mass-transfer
process;
sat,  saturated (pertaining to equilibrium
at the phase interphase);
w, at the interface, r = R(t};
0, evaluated at t = 0;
0, far from the spherical second phase
center.
Superscripts
g, pertaining to two component second
phase.
INTRODUCTION

ExACT treatment of a stationary spherical
second phase growth as governed by simul-
taneous heat and mass transfer limitations has
been recently demonstrated [1]. The second
phase can be a bubble (gas), a droplet (liquid),
or a particle (solid). However, quite frequently
in many fields of applied science, the second
phase is always moving, ie. there exists a
translatory motion of the center of the second
phase relative to the surrounding first phase.
The growth law for a moving second phase with
very small density ratio p,/p in the heat or mass
transfer limited cases has been otained recently
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by Ruckenstein and Davis [2, 3]. The valid
boundary layer approximation has been used
by them. Also the growth law for a moving
second phase with very large density ratio p,/p
in the heat or mass transfer iimited cases has
been obtained by Ruckenstein [4] and Chao [5].
They used combined stationary interface and
boundary layer approximations. However, as
pointed out in [1], in general, heat and mass
transfer limitations occur at the same time, and
the temperature of the growing second phase is
not known a priori, Thus, one should view the
heat or mass transfer limited cases as asymptotic
extremes of the simultaneous heat and mass
transfer limited cases, as will be demonstrated
in the Appendices, As a first guess, of course,
one would expect that somehow the parameters
characterizing the velocity flow field of the first
phase should appear in the compatibility condi-
tion from which the a priori unknown second
phase temperature is calculated. Yet, it turns
out to be the reverse, i.e. the velocity flow field
of the first phase, or the fact that the second
phase is moving, does not come into play at all
in the boundary layer approximation (for small
density ratio p,/p) and in the combined station-
ary interface and boundary layer approximations
(for large density ratio p,/p) as far as calculating
the a priori unknown second phase temperature
concerned, as will be demonstrated later. In this
work, only the high Reynolds number flow (or
potential flow) case will be demonstrated. The
low Reynolds number flow (or Stokes flow) case
will be treated elsewhere [6].

STATEMENT OF THE PROBLEM

The problem under consideration is as follows:
A spherical second phase of size, R, is produced
in an environment, ie. the first phase, at time
t = 0. The second phase can be a bubble {gas),
a droplet (liquid), or a particle (solid). At time
t = 0, the entire second phase is assumed to have
attained a certain proper equilibfium tempera-
ture T,, ie. the wet-bulb temperature, and
remain at this temperature throughout the
growth process. That is, one assumes that
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throughout the entire transient growth process
a constant T, exists, corresponding to a constant
Cea(T,,) which must be found as part of the
problem solution (see Discussion). At times
t > 0, the second phase starts to grow due to
both heat and mass transfer driving forces and
move in the first phase. The center of the second
phase is assumed to move at a velocity u_
relative to stationary coordinates and the flow
field around the second phase is assumed to be
approximated by the potential flow.

The second phase is characterized by the
following parameters: initial radius, R, density,
pp latent heat of phase transition, L(T,) (<0 for
endothermic; >0 for exothermic), and saturation
concentration c_, (7,); the first phase is charac-
terized by the following parameters: density, p,
specific heat, c,, effective thermoconductivity,
A, and effective Fick’s diffusion coefficient, D.
The first phase is initially at a uniform tem-
perature T, and concentration ¢, (>c,,), while
the second phase is assumed to have uniform
constant temperature T and concentration c,
throughout the growth process. During the
growth process, i.e. t > 0, the system is described
by the following equations,

DT
Br = =aV?T, R(f)<r<g o (1a)
% = DV?Z, R(t) <r < o (1b)
with
D ¢ Uy, 0
D ~a T Oty 'H)EJF 0

10(,0 10 o
Vi |2 —_———|si —_
=¥ (r ar> i sin680(31n660>

R3
Vg, = U (1+2 )sm@
T

T(r,0,0) = (2a)

or,0,0)=c_ (2v)
T(,0,t) = T, (3a)
c(©,0,t) = ¢ (3b)
T(R(t),6,8) =T (4a)
c(R(t),0,t) = c,(T,) (4b)

. i1 [/eT
R = - _— sinf8df (5a
Pa —-L(T,) 2 0_[ ( or >'=Rm n (52)
. pp 1 Jn(ac> .
pR=—"_ sin 8 46
¢ sat(T ) 2 a r=R(t)

R(0) = R, (©6)

where o = A/(pc ) is the thermal diffusivity of
the first phase. The problem is to find the a priori
unknown temperature T, and obtain the growth
law of the second phase, R(t).

METHOD OF SOLUTION

The key to this physically important problem
is to recognize that the growth laws obtained
from either heat or mass transfer viewpoints
must be identical. Thus, one obtains the com-
patibility condition from which T, is calculated
(see below). The exact solution of this very
complicated problem is still yet to be found.
However, for certain asymptotic extremes,
various kinds of valid approximations are
available.

(i) Boundary layer approximation for the small
density ratio p,/p case
With the small density ratio

1> p/p 0
and the thin boundary-layer assumptions, i.e.
o*T 20T
ot > ror (8a)
% _2éc
Pty (80

0*T 1 (. 0T
or? > 72 sin 0 90 (sm 0 39—> 8)



814 W.S. CHANG
@ > 1 _(2_ ( <in 0 6_0) 8d From the heat transfer viewpoint, i.e. equations
o> Tsmoa\ "7, B4 (9a), (10a), (11a), (12), (132) and (14), the
and temperature variable T(y, 6, t) satisfies the same
boundary value problem as in [2] and [3].
- Thus, one get:
0t =T=RO (8e) > One B
R(») R(z) Nal o
the governing equations (1)}6) are simplified R,(0) = Ry — =™ ;)'G;.(t) (15)
into the following form [2, 3],
where
aT_ 3t 50+—2—9§ 6T+3'u_w
aa YUTR"TRar )y T2 R N =Lp =L 9T —T)
Y o Py ps LT,
X sinf—=a—-— (9a)
00 dy and G,(t) is defined by G(r)
o dod
sin @ 7
G(t) = T P 2 1 E3 (17)
1 — (tan? 6/2) exp (3 | A(s) ds)
exp 6A(). - + 4B(¢) |d¢[dp
1 + (tan? 6/2) exp (3 | A(s) ds)
00 0 T '
with
ac u 2dR\dc 3 u,(Ry(1))
= _ Lo z A(t) = A () = 18
s y<3R cos()+Rdt>a : 0=40="2? (9
s o and
Yo . inp% - pZ€ dlnR )
el -2 o B = By = oK (19)
T(y,0,0) = (102)  From the mass transfer viewpoint, i.e. equations
(,6,0)=c, (10b) (9b), (10b), (11b), (12b), (13b) and (14), the
concentration variable c(y, 6, t) satisfies the
T(0,0,0) =T (112)  ¢3me boundary value problem as in [2] and [3].
c(c0,8,1) = c,, (11b) Thus, one gets
g
T(O, 0, t) = T (12a) Rm(t) — RO _ N;m\/<_§>6m(t) (20)
c(0,0,) = c_(T,) (12b)
. where
A 1 oT .
pR = - — j(—~> sin 0 d6 (13a) Nat = P B = P Csm(T ) — 21
L(Tw) 2 3 0)’ y=0 Py pd csat(T) ( )
. Dp 1 n o w648 (13 and G (1) is given by G(1) (equatlon amn)
pd B cd - csat(Tw) 2 s ay y=0 Wlth (R (t))
u
A() = A (1) = =2 — 22
RO - R, ) 0= 4,0 =" 22)
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and

dInR_(?)
e

The uniqueness of the growth law of the second

phase, ie. R,(t) = R,(t) = R(t), gives the follow-
ing compatbility condition:

B(t) = B, (1) = (23)

Nag-Jo = Nd, /D (24)

or

By /o = BY,/D. (29)

The value of T,, (hence c,(T,), B} and B?) must
be properly chosen so that the compatibility
condition equation (25) is satisfied.

Then, the required growth law is given by

R(H) = R, — N—z"’i- (%)'G(t) (26a)

Na¢ D )

where G(t) is given by equation (17) with

(26b)

A = “ll%t—” @
and
dl
B(f) = “df(t). (28)

The remarkable result is that, indeed, the para-
meters characterizing the flow field in the first
phase does not appear in the compatibility
condition equation (25) at all. In other words,
the fact that the second phase is moving fast,
does not come into play at all as far as calculat-
ing the a priori unknown second phase tem-
perature T, concerned. The compatibility condi-
tion equation (25) is completely identical to the
compatibility condition when the second phase
is stationary (cf. equation (A36) in [1]). Another
remarkable result is the fact that the second
phase initial size, R,, does not appear in the
compatibility condition equation (25) within
the validity of the approximations. Few phys-
ically important asymptotic cases are considered
in the Appendix A.
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(i) Combined stationary interface and boundary
layer approximations for the large density
ratio p,/p case

With the stationary interface approximation,

i.e. treating R(f) as a constant while solving the

diffusion equations, and the boundary layer

approximation, i.e.

T, r'zsli_né%(smo%% (29)
g_i; > ?'Z_sli_n_oéﬁ <sin 6 —g—;) (29d)

and
0<g=" ;(g(t) <1 (299)

the governing equations (1)6) are simplified
into the following form [4, 5],

oT 3~u°°-cos06—T+3l—‘3‘i
a® 7R & 2R
. 2T
x sin 0 =3 Frel (30a)
oc u, oc  3u,
E - y-3'?~COS 0'@ + E‘R-
. c d%c
X Sin 0% = Da—y2 (30b)
T(y,6,0) = T,, (31a)
c(y,0,0) = c, (31b)
T(0,0,t) =T, (32a)
c(0,0,t) =c, (32b)
70,0, =T, {33a)
c(0,6,1) = c(T,) (33b)
. L1 [feT\ .
pR = “LT) R j (—5>y=0-sm 6do (34a)

0
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sin 0 d@ (34b)

R(O) = R, (35)

From the heat-transfer viewpoint, i.e. equations
(30a), (31a), (32a), (33a), (34a) and (35), the
temperature variable T(y, 6, t) satisfies the same
boundary value problem as in [4] and [5]. Thus,
one gets

R(t) = R, — \/(37:—‘) Nal-Ht)  (36)

where H,(t) is given by H(t)

H(t) = j ————\/D;:T)]

0
) sin® 6 df d«
* ) TLf 5, 0)— cos 6] —1[ 1 3(z, 6)— cos® 6] }F
(o]
with G7e)
1—cosb
T oosg P [—70)1]
16,0 = — 0 (37b)
TT oosp P [—01]
and
i = 1 Ua(Ry(D)
CRIUESES

From the mass-transfer viewpoint, i.e. equations
(30b), (31b), (32b), (33b), (34b) and (35), the
concentration variable c(y, 8, t) satisfies the same
boundary value problem as in [4] and [5].Thus,
one gets

R () =R, — \/ (Z—Q)-Nafn-Hm(t) (39)

4
where H_(t) is given by H(z) (equation (37)) with

(R (1)
R, ()

The uniqueness of the growth law of the second

) =y, (1) = 3 (40)

phase, ie. R,(t) = R _(t) = R(t), gives the com-
patibility condition as follows:

Ndj-\/o = Nd-./D (41)
or

Bj-\Jo = B%-/D. 42)
The value of T,, (hence c,,(T,), B} and B%) must
be properly chosen so that the compatibility
condition equation (42) is satisfied. Then, the

required growth law is given by

R(t) =R, — \/(»22(>~Naﬂ-H(t) (43a)

4

=R, - J(EB)N‘:,’;,-HU) (43b)

14

where H(t) is given by equation (37) with

’/(t) = 3. u(x)(R(t))'

RO (@4

Again, both the parameters characterizing the
flow field in the first phase and the initial second
phase sphere radius do not appear in the com-
patibility condition equation (42). In fact,
equations (25) and (42) are identical. Few
physically important asymptotic cases are con-
sidered in the Appendix B.

DISCUSSION

It is assumed that all the physical and trans-
port properties of the second and first phases
are constant and there exists a local equilibrium
relationship ¢, (T,) at r = R(¢) throughout the
growth process. The compatibility condition
equation (25) (for small density ratio (p,/p) or
equation (42) (for large density ratio p,/p) is a
necessary and sufficient condition for the exist-
ence of the stated constant interface condition
solution, i.e. it guarantees the uniqueness of the
growth law, R(t). Thus, the basic assumption of
strictly constant T,, (and, thus, constant c,(T,))
is automatically justified a posteriori for second
phase growth problems of the type considered
here. Physically, the necessary and sufficient
compatibility condition means that the second
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phase can grow if one maintains T(co, t) = T
and c(o0, t) = c_ throughout the growth process.

CONCLUSIONS

Two valid approximate treatments of the
growth of a fast moving spherical second phase
in the presence of simultaneous heat and mass-
transfer limitations have been demonstrated.
In general, a trial-and-error method must first
be used to solve the compatibility condition,
equation (25) or (42). Having thus determined
T,, the growth law is then readily obtained.
Formally, we have demonstrated in the Append-
ices that heat- or mass-transfer limited cases can
correspond to two different asymptotic cases of
simultaneous heat- and mass-transfer limited
cases. These results should be useful in several
physical sciences.
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APPENDIX A

Within the validity of the boundary layer
approximation, two asymptotic cases according
to the Lewis number Le = D/a are considered
as follows:

(@) Le> 1, (A.1)

817

the compatibility condition equation (25) gives

|B?| < 1. (A.2)
Then, equation (21) gives
c.(T)=c, (A.3)

This determines T, and then the required
growth law is obtained from equations (15}19).
This is the growth law for the second phase in
the heat transfer limited case with small density
ratio p,/p. Formally, this result is equivalent to
the case when ¢, = ¢ (and, thus,c,(T,) = c,)

[3).

(b) Lex1, (A4
the compatibility condition equation (25) gives
|B?| < 1. (A.5)
Then, equation (16) gives
T, ~T,. (A.6)

Then, the required growth law is obtained from
equations (20)+23). This is the growth law for
the second phase in the mass transfer limited
case with small density ratio p,/p. Formally,
this result is equivalent to the case when
I(T,) ~ 0 (and, thus, T, = T ) [2].

APPENDIX B
Within the validity of the combined stationary
interface and boundary layer approximations,
two asymptotic cases according to the Lewis
number Le = D/x are considered as follows:

(a) Le> 1, (B.1)
the compatibility condition equation (42) gives
|B?| < 1. (B.2)
Then, equation (21) gives
T = c . (B.3)

This determines T, and then the required
growth law is obtained from equations (36)—38).
This is the growth law for the second phase in
the heat transfer limited case with large density
ratio p,/p. Formally, this result is equivalent to
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the case when ¢; ~ ¢, (and, thus, ¢ (T,) ~ ¢,) T ~T._. (B.6)

[4. 5] Then, the required growth law is obtained from
(b) Le<l, {B4) equations (39) and (40). This is the growth law
for the second phase in the mass transfer
limited case with small density ratio p,/p.
|BY| < 1. (B.5) Formally, this result is equivalent to the case
when I(T,) = 0 (and, thus, T, ~ T_) [4, 5].

the compatibility condition equation (42) gives

Then, equation (21) gives

LOI DE CROISSANCE D’UNE PHASE SECONDAIRE SPHERIQUE EN DEPLACEMENT
RAPIDE CONDITIONNEE PAR UN TRANSFERT SIMULTANE DE CHALEUR ET DE
MASSE

Résumé—On a considéré un traitement théorique nouveau de ia croissance d’une phase secondaire

sphérique en déplacement rapide gouvernée par un transfert simuitané de chaieur et de masse. La nouveiie

meéthode démontre que la solution de ces cas compiexes coupiés peut étre reliée aux cas utilisabies non

coupiés. Ainsi, on montre que les cas limites du transfert de chaieur ou de masse sont ies cas asymptotiques
des cas limites du transfert simuitané de chaieur et de masse.

WACHSTUMSGESETZ EINER SCHNELL BEWEGTEN, KUGELFORMIGEN ZWEITEN
PHASE AUFGRUND DER EINSCHRANKUNGEN DURCH GLEICHZEITIGE WARME-
UND STOFFUBERTRAGUNG

Zusammenfassung—FEs wird eine neue Behandlung angegeben fiir das Wachstumsgesetz einer schnell
bewegten, kugelformigen zweiten Phase aufgrund der Einschrinkungen durch gleichzeitige Warme- und
Stoffiibertragung.
Die neue Methode zeigt, dass die Losung dieses komplex gekoppelten Falles auf verfiigbare nicht
gekoppelte Fille bezogen werden kann. Reine Wirme- oder Stoffiibertragung erweisen sich damit als
asymptotische Fille der Vorgiéinge bei gleichzeitiger Warme- und Stoffiibertragung.

3AKOH POCTA BBLICTPO NNEPEMEHAIOHIENCHT COEPUYECKON BTOPOH
®GA3BI [IPH OJJHOBPEMEHHOM JAEACTBUN OTPAHUYEHWUN TEIIO-U
MACCOIIEPEHOCA

Anporamus—~PaceMarpuBaeTCA  HOBBIA  METOJ, TEOPETHYECKOrO aHAIM3a pocTa OHCTpO

nepeMelameica ceprueckoil Bropoii Gassl npu OXHOBPEMEHHOM [JeHCTBUH OrpaHuveHuit

TEIIIO-H MACCONepeHoca. 9TOT MeTO HIOKa3HBAET, YTO Pelienne B3aHMO3ABHCHMBIX TPOLRCCOB

Ter0-u Maccoo0MeHa MOMHO CBECTH K DEIICHMAM HE3aBUCHUMBIX [1POHeccoB Termoolinena

n maccoobmena. Tarmm 00pasom MOKA3aHO, YTO cayuail, orpanuyeHHbl aul0 nepeHoCOM

reisa, Jubo MEPEHOCOM MACCHI, ABIAAETCA ACUMNTOTHYECKUNM BAPHAHTOM CIOyvaeB, OIPaHM-
YeHHBX OHOBPEMEHHBIM [IePEeHOCOM TenJla M MACCHL.



